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An upper bound is given on the number of acyclic orientations of a graph, in terms of the 
spectrum of its Laplacian. It is shown that  this improves upon the previously known bound, which 
depended ore the degree sequence of the graph. Estimates on the new bound are provided. 

A lower bound on the number of acyclic orientations of a graph is given, with the help of the 
probabilistic method. This argument can take advantage of structural properties of the graph: it 
is shown how to obtain stronger bounds for small-degree graphs of girth at  least five, than are 
possible for arbitrary graphs. A simpler proof of the known lower bound for arbitrary graphs is 
also obtained. 

Both the upper and lower bounds are shown to extend to the general problem of bounding 
the chromatic polynomial from above and below along the negative real axis. 

1. I n t r o d u c t i o n  

Given an undirected graph G, the number of acyclic orientations of G, c~(G), 
is the number of ways in which all of its arcs can be directed without introducing 
directed cycles. 

The number of acyclic orientations was first considered by Stanley [20] in 1973, 
who pointed out a remarkable characterization of this number as the value at - 1  
of the chromatic polynomial ~(G of the graph. Since then interest has arisen in 
a(G) in computer science, because loga(G) is a lower bound on the computational 
complexity of various decision and sorting problems [18, 9]. Hence useful bounds 
on a(G) have been sought. 
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However Stanley's result does not provide an effective indication of the magni- 
tude of a(G). In fact Linial has shown that the problem of exact determination of 
the number of acyclic orientations of a graph, is complete for the complexity class 
~ P  [131. (More generally Jaeger, Vertigan and Welsh [10] have shown that  evalua- 
tion of the Tutte polynomial of the cycle matroid of a graph is :~P complete at all 
but nine special points; a(G) is the value of the Tutte polynomial at a non-special 
point.) This hardness result suggests that  effective exact expressions for a(G) are 
an unlikely prospect, and provides additional motivation for obtaining bounds on 
this number. 

The first bound on a(G), due to Fredman [11] and to Manber and Tompa [18], 
was the upper bound a(G) < 1-Ivea(dv+l), where dv represents the degree of vertex 

v. As noted in [9], this bound is sometimes close to the truth, as for the case of 

G=K(a,b) with b>>a. In this case a(G)~a!(a+l) b. The second such result was 
the following lower bound, also in terms of the degree sequence of the graph [9]. 

Let f ( x ) =  (x!) 1/x. Then a(G)>_ 1-Iv~of(dv+l). This bound is tight in the case 
of the complete graph. The gap between these two bounds can be estimated from 
Stirling's formula, and is bounded by e n, where n is the number of vertices in G. 

We present a new upper bound on the number of acyclic orientations of a 
graph. We show that the degree bound 1-Iv~a(dv+l) can be replaced by a spectral 

b o u n d  I]in=_l()~i q-1) where {Ai} are the eigenvalues of the Laplacian of the graph. 
Thus the bound is the determinant of the sum of the Laplacian of the graph and 
the identity matrix; or, the Kirchhoff matrix of the graph. 

We also present a new approach to giving lower bounds on the number of 
acyclic orientations of a graph. It is known how to obtain a lower bound on this 
number, from the out-degree sequence of any particular orientation; the difficulty 
in taking advantage of this statement lies in coming up with an orientation with a 
desirable out-degree sequence. We show how to circumvent this difficulty using the 
probabilistie method. 

In Section 2 we show how to bound from above the number of acyclic orien- 
tations of a graph, by the number of spanning trees in a closely related graph; the 
latter quantity is in turn expressed in terms of the spectrum of the Kirchhoff matrix 
of the original graph, via the matrix-tree theorem. We then show that  this bound 
always improves upon the degree bound of [18]. In Section 3 we show that  for reg- 
ular graphs the determinant of the Kirchhoff matrix is asymptotically bounded by 
roughly (d+l/2)n; and that  for certain graphs, this is a nearly tight estimate of the 
Kirchhoff determinant. We also give an asymptotic bound, in terms of the degree 
sequence, on the Kirchhoff determinant in general graphs. 

In Section 4 we extend our study of acyclic orientations to the study of XG 
at arbitrary negative values. In Section 4.1 we show that  the inequality between 
the number of acyclic orientations and the number of spanning trees, extends to 
an inequality between det(Q+wI)and (-1)nxG(-w) for w > 0, where Q is the 
Laplacian of the graph. In Section 4.2 we provide a simple probabilistic proof of 
the aforementioned lower bound on a(G) for arbitrary graphs. We also show how 
this proof extends to give a lower bound on (--I)nXG(--w) for arbitrary positive w. 
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In Section 5 we show how to use the probabilistic lower bound method to take 
advantage of a structural assumption on the graph, namely that  it has no 3-cycles or 
4-cycles (i.e. girth > 5). In this case we can prove lower bounds for a (G)  and for the 
chromatic polynomial, that  are strictly stronger than those possible for an arbi t rary 
graph. (As noted above, the general lower bound on c~(G) is sometimes tight.) Our 
improvement is most significant for small-degree graphs, and we calculate the case 
of degree 3 in detail. Section 6 contains concluding remarks. 

2. Acyc l i c  O r i e n t a t i o n s  a n d  S p a n n i n g  T r e e s  

It  will be convenient to view an acyclic orientation as the Hasse diagram of a 
partial  order, and speak of one vertex donfinating another if it precedes it in the 
orientation. 

Form the undirected graph G r from G by adjoining a new vertex u which is 
connected to all the vertices of G. Let r(G ~) denote the number of spanning trees 

of G I rooted at u (equivalently, the number of spanning trees of Gt). We show that:  

Lemma 1. c~(G) < r(G'). 

Proof. The argument is by injection from acyclic orientations to spanning trees 
rooted at u. We construct the tree associated with an orientation level by level, 
beginning with u at level 0. In the first stage we connect every maximal  vertex of 
the orientation to u, thus obtaining level 1 of the tree. In general at stage i we 
select all as yet unplaced vertices of G which are dominated only by vertices that  
are already in the spanning tree; and we place these vertices in level i of the tree 
by connecting them to a neighboring vertex which is at level i -  1. Such a neighbor 
must exist else we would have placed the current vertex in the tree at an earlier 
stage. 

Observe that  if one vertex precedes another in the acyclic orientation then it 
will be placed at a lower level of the tree. Any pair of distinct acyclic orientations 
disagree on some edge vw and so their associated trees will differ as to which of the 
two vertices is lower. Hence no two orientations are carried to tile same tree. | 

v l  v2 v3 

acyctic orientation 

7L U 

v t  v2 v3 Vl  v2 v 3 

consistent spanning trees 

Fig.  1 

We comment that  for two reasons this inequality is not tight. First, there are 
arbi trary choices in the tree construction whenever a vertex may be connected to 
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one of several vertices at the preceding level (see Fig. 1). The proof demonstrates 
that  the sets of trees which can be formed from different orientations are disjoint; 
our bound might be tightened with the help of estimates on the sizes of these sets. 
Second, not all spanning trees can be formed by the construction: e.g. (c) in Fig. 2. 
The spanning trees which can be formed are precisely those in which every level of 
the tree is an independent set in the graph. 

We c ~  now relate the mlmber of acyclic orientations to the graph spectrum. 
The Laplacian Q(H) of an undirected graph H is the symmetric matrix which for 
i ~ j ,  has a 0 in entry Q(H)ij if vertices i and j are not connected, and a - 1  if 
they are connected; while on the diagonal, the degrees of the vertices appear in 
the corresponding order. Kirchhoff's matr ix4ree Theorem [6] establishes that  the 
number of spanning trees of a graph is equal to the determinant of a minor of the 
Laplacian in which the row and column corresponding to any vertex are omitted. 

u 

_ _ / '  
Vl v2 Vl 

G 

(~) 

u 

v2 Vl v2 Vl v2 

(b) (c) 

spanning trees of G t 

Fig. 2 

The Kirchhoff matrix K(H) of an undirected graph H is defined as Q(H)+I ,  
where I is the identity. Observe that the spectrum of the Kirchhoff matrix is 
simply shifted by 1 from that  of the Laplacian. Applying the matrix-tree theorem 
to G / by omitting the row and column corresponding to the introduced vertex u, 
we obtain a bound on acyclic orientations directly in terms of the spectrum of G: 
~(G) _< det(K(G)) .  Namely 

Theorem 1. The number of acyclic orientations of an undirected graph is no greater 
than the determinant of its Kirchhoff matrix. | 

Comparison with the Degree Bo~md 
We now show that  the bound given by Theorem 1 on the number of acyclic 

orientations of a graph improves upon the degree bound. In the next section we 
give estimates on the improvement achieved. Let dv be the degree of vertex v. 

Lemma 2. The determinant of the Kirchhoff matrix of a graph G is at most 
]-IveG(dv § l). 

Proof. The number of spanning trees (rooted at u) in G t is upper bounded by 
~vea(dv + 1) because each vertex v in G has at most dv + 1 ways to choose its 
parent in the tree. 1 
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(A more algebraic way of seeing this, which is useful when we more generally 
consider the chromatic polynomial, and the matrix Q(H)+wI (w __ 0) rather than 
Q(H)+I, is that the Laplacian of G is a positive semidefinite matrix, and Q(H)+wI 
is also positive semidefinite. A standard result in linear algebra [15] is that the 
determinant of a positive semidefinite matrix is no greater than the product of its 
diagonal elements. The proof follows by applying this result to Q(H)+wI.) 

3. Es t imates  on the  De te rminan t  of the  Kirchhoff  M a t r i x  

We will obtain bounds on the determinant of the Kirchhoff matrix. In 
the case of regular graphs of degree d, these bounds will be of the form 

(d+ 1)he -(1/2d+O(1/d2))n, which is roughly (d+ 1/2) n. We then study the case 
of arbitrary graphs. The problem of estimating the determinant of the Kirchhoff 
matrix is related to the problem of counting the number of spanning trees of d- 
regular graphs. McKay [17] showed that for any family Gn of d-regular graphs, 

(1) lim sup(tc(Gn)) 1In ~ 
n - - - + O 0  

( d -  1) d-1 

(d 2 - 2d)d/2-1' 

where n(Gn) is the number of spanning trees in Gn. He also showed the existence of 
a family of d-regular graphs for which this bound is tight. Note that the right-hand 
side of Eq. (1) is equal to d-1/2+0(1/d) .  

3.1. Regular  Graphs  

In this section we consider the case of a regular graph G of degree d. Let 

f l=d/2(d-  1) and Cd(Z)= V / 1 - 4 ( d -  1)z 2. 

Theorem 2. The determinant of the Kirchhof[ matrix of a d-regular graph on n 
vertices is at most (d+ 1)nexp (-r  for a function r of the form r  1 

1 + 

Proof. Our approach and calculations are similar to those in [17]. Let A be the 
adjacency matrix of G and f(z) = G e t ( / -  zA). Since K(G) = (d + 1 ) I -  A, we 
have de t (K(G) ) - - (d+  1)nf(1/(d+ 1)). In order to get the desired bound on the 
determinant of K(G), we are going to bound f(1/(d+ 1)). A classical result [19, 
pages 242-243] shows that 

if(z) 1 
(2) f(z) -- ; E tr(Al)zl" 

l>_l 
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From the definition we see that the radius of convergence of this generating function 
is the inverse of the largest eigenvalue of A in absolute value, which in this case is 

d. Note that tr(A/) is the number of closed walks in G of length I. Let T d be the 

infinite d-regular tree. T d can be mapped into G in a manner that  preserves edges 

and carries the neighbors of any vertex in T d to distinct vertices in G. As observed 

in [14], it follows that tr(A/) > np(1), where p(l) is the number of closed walks of 

length 1 in T d starting from any vertex x. (Let p (0 )=  1.) By standard generating 
function methods [22] (see also [17] and references therein), 

1 
(3) ~ P(l)zl = 1 - ~ + 13r ) " 

l>_O 

Combining Eqs. (2) and (3) and integrating, we have 

( 1 ) ft/(d+l) d~ 1 ;~ + ;~r - 1 In f < - n  J 0 u - 

1 o[ ( 
- 2 ~ - - 1  ( 1 - ~ ) l n ( 1 - ~ + C / ~ d ( U ) ) - ~ l n  1 + C a ( u )  e+l 

2 / J 0  

= - h e ( d ) ,  

where r is defined by 

r  d - 2 1 n  
T 

Change variables to s = 1/d  and note that  the resulting function of s is analytic at 
s = O, with power series 

8 S 2 83 S 4 
+ + 

2 2 12 4 

(hence the expansion of r given in the theorem). Thus f ( 7 + l )  < exp ( -n r  as 

desired. 

It follows that r ~ 1/2d as d goes to infinity. It can also be shown that  

r > 1 / 2 d - 1 / 2 d  2 for d >_ 2. (Calculation shows p(2) = d, p(4) = 2d 2 -  d, 

p(6) =d(hd  2 - 6 d + 2 ) .  As a consequence, r >_ 1 / 2 d -  1/2d 2 for d>__ 18. It can be 

checked directly that ~b(d) > 1 / 2 d -  1/2d 2 for any integer d, 2 < d < 18.) | 

Theorem 2 is for some graphs a nearly tight bound on the determinant of the 

In ('3+4-g~ and so in the case Kirchhoff matrix. For example: note that r  \ 6 ] ,  

of the n-cycle, the bound of the theorem is . This differs from the exact 

(3+-@2 5 )n-  t-(3--@2 5)n  value - 2  only by an additive constant. There are also graphs 

of high degree for which the bound is nearly tight: 
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Theorem 3. For any integer d >_ 2, there exists a family of d-regular graphs Gn on 
n vertices such that det(K(Gn)) = (d+  1) n exp (-(q~(d) + o(1))n). 

Proof. The girth of a graph is defined as the length of its shortest cycle. Let Gn be 
a family of d-regular graphs such that the girth g of Gn is at least (1+o(1)) logd_ 1 n. 

The existence of such a family was shown in [8]. With notation as in the proof of 
Theorem 2, for A the adjacency matrix of Gn, we have 

H(z) 1 
f(z~ -- z Z tr(Al)zl" 

l>1 

For l < g - 1  we have tr(A l) = np(1) since any cycle in the graph has length 

greater than l. On the other hand, for any l, we have tr(A/) < n d  I. Therefore, 
for O<z<l/(d+l) ,  

ft(z) > l ( I 
_ _  _ _  , 

f ( z )  - z \ l>1 l>~ / 

from which we deduce that 

in f d - ~ ) )  >_-nO(d)-nd > _ - n ~ ( d ) - n  l -1/(d+l)ln(d-1)+~ �9 

| 
Observe that if d -  1 is prime, there exists a family of bipartite d-regular 

Ramanujan graphs [14, 16] of girth (2 +~176 Since tr(A/) _< 2dl+ ( n -  
2)(2 dv/-d-2-f- 1) l for any nonnegative integer l, we obtain a tighter lower bound on the 
determinant of the Kirchhoff matrices of these graphs from the equation 

(( 4In [ d-~ ) ) 
i n ( f (  )) _> - , ~ r  - e•  1 3 ln(d  - 1) + o(1)  in 

> -nO(d) - n U3+(4 In 2)/(3 ln(d-1))+o(1). 

3.2. G e n e r a l  G r a p h s  

The notation (v,w) refers to an ordered pair of vertices. 

Theorem 4. The determinant of the Kirchhoff matrix of a graph G is at most 
1-Ivea(dv + 1) I'I(v,w)EE(G) exp ( - -1~(2(dr  -4- ] ) (dw + 1))). 

Proof. Let A be the diagonal matrix indexed by the vertices of G and whose 
diagonal consists of the degrees of the vertices. Since K(G) = (A + I)  - A, we have 
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de tK(G)  =det (A+I)de t ( I -M) ,  where M =  ( A + I ) - I A .  To prove the theorem, 
we need to show that d e t ( / -  M) _< I-[(~,w)eE(C) exp (-1~2(dr + 1)(dw + 1)). 

In order to bound d e t ( I - M )  we introduce the function h(z)=det(I-zM); of 
course h ( 1 ) = d e t ( I - M ) .  As before, we have 

-zh'(z) _ E tr(Ml)z/" 
(4) h(z) l>l 

Observing that  t r ( M ) =  0, we lower bound this expression by tr(M2)z 2. The largest 
eigenvalue of M is less than one in norm since the sum of the absolute values of 
the entries in each row is less than one. (Specifically, the sum is dv/(dv + 1) in 
the row corresponding to vertex v). Therefore, the radius of convergence of the 
generating function in Eq. (4) is greater than one. Hence, for 0 < z < 1, we have 

-h'(z)/h(z) >_ tr(M2)z, and so by integration of h'/h from 0 to 1, we find that  

h(1) <exp( - t r (M2) /2 ) .  But h ( 1 ) = d e t ( I - M ) ;  and by inspecting M we see that  

1 
trkM2J' ~ = v'~ (dr + 1)(dw + 1)" 

| 
(v,w)6E(G) 

By imitating the proof of Theorem 2, it is possible to get a bound on the 
determinant of the Kirchhoff matrix in terms of the maximum degree and the 
degree of each node. However, this bound is too complicated to merit inclusion 
here. It coincides with the bound given by Theorem 2 when the graph is regular, 
but it is incomparable with the bound given by Theorem 4 in general. 

4. B o u n d s  on the  C h r o m a t i c  P o l y n o m i a l  a t  Ne g a t i v e  Values  

In this section we bound XG from above and below along the negative real 
axis. The results of this section are stated most naturally in terms of the function 
7(a(w) = (--1)nXG(-W) (where XG is the chromatic polynomial of G), which we 
therefore study along the positive real axis. Note in particular that  ~G(1)--a(G).  

4.1. U p p e r  B o u n d  on )(G 

The matrix-tree theorem extends to the case in which edges are assigned 
arbitrary weights. If, in the construction of Section 2, we assign weight w (rather 
than 1) to all the edges incident to the new vertex u, we find that  the coefficient 

of w n-j in the polynomial det(Q +wI) is equal to the number of rooted spanning 

forests of G with j edges. It is known that the coefficient of W n - j  in ~G(W) is 
equal to the number of j-edge subgraphs which contain no "broken circuits"; the 
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latter is a condition which, in particular, implies that  the subgraphs are forests [5, 
page 69]. Hence for nonnegative w, all the terms of det(Q + wI) and ~G(w) are 
nonnegative, and each term in det(Q+wI) is at least as large as the corresponding 
term in ~G(w). Therefore we have the following extension of Theorem 1: 

Theorem 5. For a]1 w>_O, ~O(w) <_det(Q+ wI). 

There are two sources of slack in each of the inequalities on the coefficients, 
which give rise to the above theorem. The first is that the coefficient in the 
chromatic polynomial enumerates only certain kinds of j-edge forests; the second 
is that  it enumerates unrooted forests, whereas det(Q +wI) enumerates rooted 
forests. The latter consideration introduces a factor of at least j + 1 (typically 
more) into the coefficient inequality. In particular a sharper inequality on ~G(w) 
is FiG(W)<_ ~ ajw j, where aj is the number of j-edge spanning forests of G. 

No effective expression is known for the {aj}. In fact, calculating their sum 
is ~P-complete, since the nmnber of spanning forests in a graph is equal to the 
value of the Tutte polynomial at the point (221), which is not one of the special 
points mentioned in the introduction. (In the case of the complete graph Taks 
has given an exact expression for the number of spanning forests [21].) However 
these numbers do have the following interesting interpretation: 

For each acyclic orientation cr of G, define h(a) = (h(vl),h(v2),...,h(vn)), 
where the vi's are the vertices of G and h(vi) is the outdegree of vertex vi. Let 
P be the convex hull in 5~ n of the vectors h(cr), where a ranges over the acyclic 
orientations of G. The number of spanning forests of G is the number of integer 
points in P. More generally [19, Exercise 4.32], the number of spanning forests with 

j edges is the coefficient of wJ in the Ehrhart polynomial i(P,w). 
The inequality noted above can therefore be expressed as f(G(w)<_ i(P,w). 
Recently, Annan [4] gave a fully polynomial randomised approximation scheme 

for calculating the number of forests in a dense graph. 

4.2. Lower  B o u n d  on XG 

We begin by showing a new, simpler proof of the lower bound of [9] for the 
number of acyclic orientations in a graph. Then we show how an extension of this 
proof technique bounds )~a from below anywhere on the positive real axis. 

Let G be an arbitrary graph; let f(x)= (x!)l/x (as defined previously). We use 
the following lemma, implicit in [9]. 

Lemma 3. Let an acyclic orientation of a graph G be given, and for each vertex v 
let ~(v) denote the out-degree of vertex v. Then a(a) >_ I-[n=1 (5(vi) + 1). | 

Theorem 6. ([9]) a( G) > l-Iv~G f ( dv + 1). 
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Proof. If a permutation of the vertices of G is chosen uniformly at random among 
all permutations, and the acyclic orientation on G is induced from this permuta- 
tion, then for each vertex v, 5(v) is uniformly distributed in the set {0 ,1 , . . . ,dr} .  
Therefore, 

\ vEG vCG 

= E dv + 1 E l n ( j  + 1) = ~ ln(f(dv + 1)) = In f(dv + 1) 
vCG j=O vEG 

Hence there exists an acyclic orientation for which 1-IveG(5(v)+l) > IIveG f(dv+l). | 

We now extend this proof to )~G. For arbitrary x > 0 and nonnegative integer 

k, let F(x,k)=(x. (x+ 1)... (x + k -  1))1/k. 

Theorem 7. For hit w > O, 2G(w) > 1-IveG F(w, dv + 1). 

Proof. Let v be a vertex of G, and let (v,w) be an edge of G. By G - v  we 
denote the graph remaining after v and all incident edges have been deleted; by 
G-(v ,w)  we denote the graph remaining after the edge (v,w) has been deleted; 
and by G/(v,w) we denote the contraction of G by (v,w), i.e. the graph in which 
v and w have been identified into a single vertex whose neighborhood is the union 
of their neighborhoods in G. 

Our proof relies upon the following: 

Lemma 4. For all w > O, 2G(w) >_ (dr + w)2G-v (w). 

Proof. For any edge e in G, )~G satisfies the contraction-deletion identity [20] 

(~) ~c  = ~a/c + 2a-~.  

If e l , . . . ,  ed, are the edges incident to vertex v, then we can expand this identity to 
obtain 

2a = 2a/el + 2(G-el)/e2 + 2(G-el-e2)/ea + ' "  + 2 (a -e t - e2 - . . . - ee , -1 ) / ea ,  

(6) + )(G--el--e2--...--ed, �9 

Now we make two observations. First, if u is an isolated vertex of a graph 
H,  then 2H = w2H-~. Hence in particular for the last term of (6) we have 

~ G - e l  --e2--...--edv "~ W)(G--v" 

Second~ 2a is, for positive w, monotone in the edges of the graph. (This can 
for instance be seen from the identity (5) and from the positivity of 2a for positive 
w.) Therefore each of the terms 2a/el, 2(a-~)/~2,"',2(a-el-e~-...-ee,_l)/ee, in 

(6) is at least as great as 2G-v. 
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Combining these observations we find that 2a > (dv +w)~a-v. 

393 

| 

As a result, if an acyclic orientation of the vertices of G is given and the {5(v)} 
are as defined above, then )?a(w)_>l-Iv(5(v)+w). The remainder of the proof now 
proceeds just as for the case of acyclic orientations, by considering the expectation 
of lnl--[v(~(v)+ w) over uniformly selected permutations of the vertices. | 

Note that both the upper and lower bounds on 2a(w) given in Theorems 5 
and 7 are asymptotic to w n as w goes to infinity. 

5. I m p r o v e d  Lower  B o u n d  for  d e g r e e  3, g i r t h  _> 5 

We show that in certain cases it is possible to improve the lower bound on the 
chromatic polynomial of a graph along the negative real axis (and in particular, the 
number of acyclic orientations), by nlodifying the probabilistic argument given in 
the previous section. 

In a complete graph the analysis of that argument is tight, and there is no 
variation in the random variable ~vln(5(v)+ 1) used to lower bound a(G) (or 

more generally in the random variable ~vln(5(v)+w) used to lower bound :~a); 
but in other graphs there will be some variation and the inequality based on the 
expectation of this variable, will be strict. Hence under suitable assumptions on 
G, improvement in the bound can be sought. In this section we show how the 
absence of small cycles in the graph is enough to provide a stronger lower bound. 
Unfortunately the improvement provided by this method degrades for large degree 
graphs, so we restrict ourselves to describing the method for degree 3 graphs, where 
the improvement is substantial. 

If, given a graph, we could exhibit the existence of an acyclic orientation in 
which many of its vertices had approximately balanced in-degrees and out-degrees, 
then using Lemma 3 we could demonstrate a strong lower bound on 2G and on the 
number of acyclic orientations of the graph. In general however we do not know 
how to do this, and instead describe a method of sampling acyclic orientations, 
which tends to produce orientations with more balanced in-degrees and out-degrees, 
than result from the straightforward method of Section 4.2 in which we sampled 
uniformly among linear orders. However, for large d, the girth assumption by itself 
will not yield a lower bound on the number of acyclic orientations substantially 
better  than the one in subsection 4.2 (using the outdegrees approach). Indeed, it is 
easy to show (see, e.g., [2, page 122]) that,  if the second largest eigenvalue of a d- 
regular graph is much smaller than d, in every acyclic orientation of the graph the 
outdegrees will be essentially uniformly distributed between 0 and d. In the case 
of non-bipartite d-regular Ramanujan graphs, for example, [Iv~G(Sv + 1 ) =  ( (d+  

o(d))/e) n, for any acyclic orientation. 
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Theorem 8. Let  G be a 3-regular graph G on n vertices, wi thout  3-cycles or 4-cycles 
(i.e. of  girth 7_5). Let  w>O.  Then 

Y(G(w) 7- (w l /8 (w  + 1)3/8(w + 2)3/8(w + 3)1/8) n. 

In particular 

a(G)  7- (23/833/841/8)n -~ 2.328 n. 

In comparison the lower bound of Section 4.2 is a(G)  >_ (21/431/441/4)n 
2.213 n. 

Proofi Denote the neighbors of v by Vl,V2,V3; and denote the remaining neighbors 
of V 1 by Vl,l,Vl,2, the remaining neighbors of v2 by V2,1,V2,2, and the remaining 
neighbors of v3 by v3,1, v3, 2. 

At each vertex v select a random variable Xv independently, uniformly in 
[-1,1]. Let Yu = xu + ~ ( w , u ) e E ( G ) x w / 2 .  The values {Yu} induce an order on 

the vertices of G. (Observe that if we used the values {xu}  to induce the order, 
then the distribution on orders would be uniform, as in Section 4.2.) Now 

Yv > Yv~ ~ xv + xv2 4- Xva - Xv~ - Xv~,l - Xv~,2 > 0 ,  

YV ~ Yll 2 ~ X v -~ XVl 4- XV3 -- XV2 -- X.U2,1 --  XV2,2 ~ O, 

YV > YV 3 ~ XV 4- XV 1 4- XV 2 -- XV 3 -- XV3,1 -- XV3, 2 ~ O. 

Observe by symmetry that P ( y ,  > Yv,) = P(Yv > Yv2) = P(Yv > Yva) = 1/2. 
Further, by symmetry: 

(a) The probabilities P(Yv > Yvl,Yv=,Yva) and P(Yv < Yvl,Yv2,Yva) are equal. 
Denote this quantity a. 

(b) All of the probabilities P(Yvi > Yv > Yvj,Yvk) and P(yvi,yv~ > Yv > Yvk) (for 

i , j ,  k ranging over all permutations of 1,2, 3) are equal. Denote this quantity b. 
Therefore 2a + 6b = 1. 

Note that P(Yv > Yv~,Yva) = a + b, while P(Yv2 > Yv > Yva) = 2b. We will 
exhibit an isometry of the portion of the sample space corresponding to the event 
yv > Yv2, Yva, with the portion corresponding to the event Yv2 > Yv > Yva ; it will then 
follow that a = b, and consequently that a = b = 1/8. 

Thus, in fact, the events {Yv > Yv~ }i are independent. (Locally, as if the process 
oriented the edges of the graph independently at random.) 

The isometry is given by the following "signed permutation" map from the 
variables Xv, �9 �9 .,xv3~2 to the variables xvr , . . . ,  ~v~,21 ." 

! ? ! ! / 
XV ~ X'd2 XVl ~ --X2)3 ~V2 ~ x v  XV3 -~- --Xl)I XlJI,1 X~I,1 

I I I I I 
XVl, 2 : fl:Vl,2 Xl]2,1 : --X/J2~I XV2,2 : - - X v 2 ~ 2  ~V3,1 ~ XV3~I X~33,2 ~ X'U3,2 

It is readily verified that this map is an isometry of the sample space regions 
described. 
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Hence: 

P(rank(yv) C {Yv, Yvl, Yv~, Yv3} = 1) = 1/8 

P(rank(yv) e {Yv, Yvl, Yv~, Yv3} = 2) = 3/8 

P(rank(yv) e {yv, Yv~, Yv2, Yv3} = 3) = 3/8 

P(rank(yv) e {yv, Y~,~, Yv2, Yr.3} = 4) = 1/8 

The theorem now follows by substituting these probabilities in place of 1/4 = 1~(dr+ 
1) in the proof of Section 4.2. | 

6. C o n c l u d i n g  r e m a r k s  

1. An upper bound on the determinant of the Kirchhoff matrix can be 
computed directly for some graphs. For example, the determinant of 
the Kirchhoff matrix of the d-dimensional hypercube [12] is at most 

(d+  1) 2d exp (--2d(2--~ -- ~-~ + O(d-3))) .  This bound beats the one given in The- 

orem 2. This is due to the fact that the hypercube has many cycles of length 

4, which implies that tr(A l) > p(1) for even l greater than or equal to 4. How- 
ever, since the number of spanning trees of any connected d-regular graph on 
n vertices [1] is at least (d-o(d)) n, the same lower bound holds on the deter- 
minant of the Kirchhoff matrix of any d-regular graph on n vertices. Thus, our 
approach will not yield an upper bound on the number of acyclic orientations 
much better  than the degree bound, for any regular graph with large degree. 

2. For a d-regular graph, the lower bound provided by Lemma 3 never exceeds 
(d/2 + 1)% This is because the average value of the outdegrees is d/2. By 
choosing a particular acyclic orientation of the d-dimensional hypercube, it 
can be shown [12] that  the number of acyclic orientations of the d-dimensional 

hypercube is at least (d/2+3/4+O(d-1)) 2d. Similarly, for even d, the number 
of acyclic orientations of the Cayley graph of Zn with respect to the gener- 

ators {1 , -1 ,2 , -2 , . . . , d /2 , -d /2}  is at least ( d / 2 +  1) n-d~2. Using a differ- 
ent approach, it can be shown [3] that the number of acyclic orientations of 

a d-regular complete bipartite graph is at least (d/(eln2)+O(lnd)) 2d, with 
e ln 2 = 1.88 .... By considering the union of such graphs, it follows that  for any 
integer d_> 3, there exists a family of d-regular graphs on n vertices having at 
least (d/1.88.. .  + O(lnd)) n acyclic orientations. Whether there exist d-regular 
graphs having at least (d-o(d)) n acyclic orientations, for large d and large n, 
is an open question. 
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